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ABSTRACT
Cosmic microwave background (CMB) anisotropy (spatial inhomogeneity) data provide the tightest con-
straints on the Hubble constant, matter density, spatial curvature, and dark energy dynamics. Other data,
sensitive to the evolution of only the spatially homogeneous part of the cosmological model, such as Type
Ia supernova apparent magnitude, baryon acoustic oscillation distance, and Hubble parameter measurements,
can be used in conjunction with the CMB data to more tightly constrain parameters. Recent joint analyses of
CMB and such non-CMB data indicate that slightly closed spatial hypersurfaces are favored in nonflat untilted
inflation models and that dark energy dynamics cannot be ruled out, and favor a smaller Hubble constant. We
show that the constraints that follow from these non-CMB data alone are consistent with those that follow from
the CMB data alone and so also consistent with, but weaker than, those that follow from the joint analyses of
the CMB and non-CMB data.
Subject headings: cosmological parameters — large-scale structure of universe — observations — meth-
ods:statistical
1. INTRODUCTION
Establishing an accurate cosmological model that is con-
sistent with observations is one of the primary goals of cos-
mology. Currently the spatially flat ΛCDM world model is
considered to be the standard cosmological model (Peebles
1984). In this model the current energy budget is dominated
by the cosmological constant Λ with nonrelativistic cold dark
matter (CDM) being the second biggest contributor. The for-
mer is responsible for the accelerated cosmological expansion
at the present epoch, and the latter for initiating large-scale
cosmological structure formation, and, along with nonrela-
tivistic baryonic matter, for the earlier decelerated cosmolog-
ical expansion.
The spatially flat ΛCDM model is consistent with the cos-
mic microwave background (CMB) anisotropy (Planck Col-
laboration 2016, 2018), Type Ia supernova apparent bright-
ness (Scolnic et al. 2018), baryonic acoustic oscillation dis-
tance (Alam et al. 2017), and Hubble parameter (Farooq et al.
2017)3 measurements. While CMB anisotropy data most
tightly constrain cosmological models, at present no single
kind of cosmological data is that restrictive, and it is the com-
bination of CMB and non-CMB data that results in powerful
constraints (and breaks some of the degeneracy between cor-
related parameters).
Though the standard ΛCDM model assumes flat spatial hy-
persurfaces and a constant dark energy density, current ob-
servations do not require either. To include nonzero spatial
curvature in the analysis of CMB (and other spatial inhomo-
geneity) data requires the use of a nonflat inflation model to
generate a physically consistent power spectrum of spatial in-
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3 Hubble parameter measurements provide evidence for the earlier nonrel-
ativistic matter dominated cosmological expansion as well as the current dark
energy powered accelerating cosmological expansion (Farooq & Ratra 2013;
Farooq et al. 2013; Capozziello et al. 2014; Moresco et al. 2016; Farooq et al.
2017; Yu et al. 2018; Jesus et al. 2018; Haridasu et al. 2018b).
homogeneities (as touched upon below and elsewhere; this
has previously been ignored, resulting in invalid constraints
on spatial curvature based on physically inconsistent power
spectra). As an alternative to the constant dark energy density
of ΛCDM model, the XCDM model is based on a simple and
widely used dynamical dark energy parameterization. In this
model, the ratio of dark energy pressure and density — the
equation of state parameter (w = pX/ρX ) — is constant. How-
ever, XCDM is not able to consistently describe the evolution
of density inhomogeneities and so is not physically consistent.
The φCDM model is a physically consistent dynamical dark
energy model based on the evolution of a scalar field (Peebles
& Ratra 1988; Ratra & Peebles 1988).4
Recently, Ooba et al. (2018a,b,c,d) and Park & Ratra
(2018a,b,c) reported that compilations of Planck 2015 CMB
anisotropy data (Planck Collaboration 2016) and non-CMB
data favor slightly closed spatial hypersurfaces in the non-
flat ΛCDM, XCDM, and φCDM dark energy untilted infla-
tion models, and noted that a dynamical dark energy density
that varies both temporally and spatially cannot be ruled out.5
Most studies concentrate on using the most recent compi-
lation of CMB and non-CMB data to estimate the cosmolog-
ical parameters as precisely as possible. Here we want to ex-
amine the constraints on cosmological parameters that follow
from the non-CMB observations alone, to avoid having to as-
sume an energy density inhomogeneity power spectrum, and
to examine whether the non-CMB data constraints are consis-
tent with the CMB ones. In this paper, we constrain the flat
and nonflat ΛCDM, XCDM, and φCDM dark energy models
4 For earlier discussions of cosmological constraints on the φCDM model
see Samushia et al. (2007), Yashar et al. (2009), Samushia & Ratra (2010),
Chen & Ratra (2011b), Campanelli et al. (2012), Avsajanishvili et al. (2015),
Solà et al. (2017a), Solà et al. (2017b), Zhai et al. (2017), Sangwan et al.
(2018), and references therein.
5 This result differs from the Planck Collaboration (2016, 2018) finding.
As mentioned above, and discussed in detail elsewhere, the Planck analy-
ses used a physically inconsistent power spectrum for energy density inho-
mogeneities, a physically inconsistent generalization of the nonflat untilted
inflation model (Gott 1982; Hawking 1984; Ratra 1985) energy density inho-
mogeneity power spectrum (Ratra & Peebles 1995; Ratra 2017).
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2 Park & Ratra
using an up-to-date collection of non-CMB data sets to con-
strain the spatially homogeneous cosmological models. We
use Type Ia supernova apparent magnitude, baryon acoustic
oscillation distance, and Hubble parameter data to measure
the matter density, Hubble constant, spatial curvature, and pa-
rameters characterizing dark energy dynamics. We find that
the conclusions obtained by jointly using CMB and non-CMB
data sets, that favor slightly closed spatial hypersurfaces and
a slightly smaller Hubble constant, and allow for mild dark
energy dynamics, also hold for the non-CMB data, but with
lower statistical significance.6
In Sec. 2 the non-CMB data sets used in our analysis are
briefly summarized. In Sec. 3 we summarize our analysis
methods that use the flat and nonflat ΛCDM, XCDM, and
φCDM models. The observational constraints on the param-
eters of the six cosmological models are presented in Sec. 4.
We summarize our results in Sec. 5.
2. DATA
We use Type Ia supernova apparent magnitude (SN), baryon
acoustic oscillation distance (BAO), and Hubble parameter
[H(z)] measurements to constrain the flat and nonflat ΛCDM,
XCDM, and φCDM models.
We use the most recent SN data compilation, the Pantheon
collection of 1048 Type Ia supernova apparent magnitude
measurements over a redshift range of 0.01< z< 2.3 (Scolnic
et al. 2018). This data set is a combination of Type Ia super-
novae discovered by the Pan-STARRS1 Medium Deep Sur-
vey, the Sloan Digital Sky Survey, and the Supernova Legacy
Survey, together with low-z and Hubble Space Telescope SN
samples. In our analyses here we account for the statistical
and systematic uncertainties in the Pantheon measurements.
We use a compilation of BAO data from Alam et al. (2017),
Beutler et al. (2011), Ross et al. (2015), Ata et al. (2018),
Bautista et al. (2017), and Font-Ribera et al. (2014), which is
summarized in Table 1. Here DM(z) is the comoving distance
at redshift z, DH(z) = c/H(z), DV (z) = [czD2M(z)/H(z)]
1/3,
DA(z) = DM(z)/(1 + z), rd is the radius of the sound horizon
at the drag epoch zd , and c is the speed of light (see Sec. 2.3
of Park & Ratra 2018a). Although Table 1 here is similar to
Table 1 of Park & Ratra (2018a), here we exclude the growth
rate ( fσ8) points from the Baryon Oscillation Spectroscopy
Survey (BOSS) DR12 data (Alam et al. 2017). Since we ex-
clude these fσ8 points, the DR12 covariance matrix between
6 We emphasize that these results refer to the cosmological parameter con-
straints, not to the goodness-of-fit of the best-fit set of cosmological parame-
ters to the measurements. We find that the non-CMB data compilation we use
here does not significantly distinguish between any of the best-fit models on
the basis of goodness-of-fit. When the CMB data are included in the mix we
are unable to quantitatively determine the goodness-of-fit of the best-fit set
of cosmological parameters to the measurements. This is in part due to the
ambiguity in the number of degrees of freedom of the Planck CMB data (see
discussion in Ooba et al. 2018a,b,c,d; Park & Ratra 2018a,b,c). We also em-
phasize that qualitatively the slightly closed models better fit the lower mul-
tipole number CMB temperature anisotropy data and the weak lensing con-
straints on density inhomogeneities (DES Collaboration 2018) while the flat
models better fit the higher multipole number CMB temperature anisotropy
data and the observed deuterium abundances (Penton et al. 2018).
Table 1
BAO measurements.
zeff Measurement Reference
0.38 DM(rd,fid/rd ) [Mpc] = 1512.39±24.99 [1]
0.38 H(rd/rd,fid) [km s−1 Mpc−1] = 81.21±2.37 [1]
0.51 DM(rd,fid/rd ) [Mpc] = 1975.22±30.10 [1]
0.51 H(rd/rd,fid) [km s−1 Mpc−1] = 90.90±2.33 [1]
0.61 DM(rd,fid/rd ) [Mpc] = 2306.68±37.08 [1]
0.61 H(rd/rd,fid) [km s−1 Mpc−1] = 98.96±2.50 [1]
0.106 rd/DV = 0.327±0.015 [2]
0.15 DV (rd,fid/rd ) [Mpc] = 664±25 [3]
1.52 DV (rd,fid/rd ) [Mpc] = 3843±147 [4]
2.33 D0.7H D
0.3
M /rd = 13.94±0.35 [5]
2.36 DH/rd = 9.0±0.3 [6]
2.36 DA/rd = 10.8±0.4 [6]
References: [1] Alam et al. (2017), [2] Beutler et al. (2011), [3] Ross et al.
(2015), [4] Ata et al. (2018), [5] Bautista et al. (2017), [6] Font-Ribera et al.
(2014). Note: The sound horizon size (at the drag epoch) of the fiducial
model is rd,fid = 147.78 Mpc in Alam et al. (2017) and Ata et al. (2018), and
rd,fid = 148.69 Mpc in Ross et al. (2015).
measurement errors (Alam et al. 2017) we use here is
CDR12 =

624.7 23.73 325.3 8.350 157.4 3.578
23.73 5.609 11.64 2.340 6.393 0.9681
325.3 11.64 905.8 29.34 515.3 14.10
8.350 2.340 29.34 5.423 16.14 2.853
157.4 6.393 515.3 16.14 1375 40.43
3.578 0.9681 14.10 2.853 40.43 6.259
 .
(1)
As in Park & Ratra (2018b,c) we also use the updated BAO
data point of Ata et al. (2018). In actual parameter estimation
we use the probability distributions of the BAO data points
of Ross et al. (2015) and Font-Ribera et al. (2014), instead of
the approximate Gaussian constraints shown in Table 1. See
Sec. 2.3 of Park & Ratra (2018a) for more details about our
procedure.
For H(z) data, we use the collection of 31 Hubble parameter
measurements over a large redshift range (0.070≤ z≤ 1.965)
listed in Table 2 of Park & Ratra (2018a). See Moresco et al.
(2018) for a recent discussion of Hubble parameter measure-
ment error bars.
3. METHODS
We measure the parameters of the flat and nonflat ΛCDM,
XCDM, and φCDM models by comparing model predictions
with the observed SN apparent magnitudes, BAO distances,
and Hubble parameters over a large range of redshift.
The evolution of the spatially homogeneous background in
the ΛCDM and XCDM models is usually described by the
evolution of the Hubble parameter. For the nonrelativistic
matter and dark energy dominated epochs, the Hubble param-
eter H(a) as a function of the scale factor a (normalized to be
unity now) is (
H
H0
)2
= Ωma−3 +Ωka−2 +ΩΛ (2)
for the ΛCDM model, and(
H
H0
)2
= Ωma−3 +Ωka−2 +ΩXa−3(1+w) (3)
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for the XCDM parameterization. Here H0 is the Hubble
constant, the nonrelativistic matter density parameter present
value is the sum of present baryonic matter and CDM den-
sity parameters, Ωm = Ωb +Ωc, Ωk is the present value of the
spatial curvature density parameter, and ΩΛ and ΩX are the
present values of the dark energy density parameters in the
ΛCDM and XCDM models, respectively. In the limit w = −1
the XCDM dark energy becomes the cosmological constant
Λ.
In the φCDM model we consider a minimally coupled dark
energy scalar field φ with an inverse power-law potential en-
ergy density
V (φ) =V1φ−α, (4)
where α is a positive constant parameter and V1 is determined
in terms of α (Peebles & Ratra 1988). In the limit α = 0 the
scalar field dark energy becomes the cosmological constant
Λ.
For the background evolution of the φCDM model in the
nonrelativistic matter and scalar field dominated epochs we
use (
H
H0
)2
=
1
1− 16 (φ′)
2
[
Ωma−3 +Ωka−2 +
1
3
Vˆ (φ)
]
, (5)
where the evolution of the dark energy scalar field is governed
by the equation of motion
φ′′ +
(
3+
H˙
H2
)
φ′ +Vˆ,φ
(
H0
H
)2
= 0. (6)
Here φ′ ≡ dφ/d lna, H = a˙/a, Vˆ (φ) ≡ V (φ)/H20 , Vˆ,φ =
−Vˆ1αφ−α−1, Vˆ1 ≡ V1/H20 , and an overdot denotes the time
derivative d/dt. We have chosen units such that the Newto-
nian gravitational constant G≡ 1/8pi. We use the initial con-
ditions of Peebles & Ratra (1988) at scale factor ai = 10−10.
This places the homogeneous background scalar field on the
attractor/tracker solution (Peebles & Ratra 1988; Ratra & Pee-
bles 1988; Pavlov et al. 2013). For a given set of cosmo-
logical parameters and initial conditions for the scalar field,
we numerically determine the value of Vˆ1 to satisfy the con-
dition H/H0 = 1 at the present epoch (when a = 1). The
current value of the dark energy density parameter is Ωφ =
(φ′0)
2/6+ Vˆ (φ0)/3, where φ0 and φ′0 are the current values of
φ and φ′.
The version of Eqs. (2)–(6) we use in the actual computa-
tions also take into account the contribution of photons and
massless and massive neutrinos. We assume that the present
CMB temperature T0 = 2.7255 K, that the effective number
of neutrino species Neff = 3.046, and one massive neutrino
species (with mass mν = 0.06 eV).
To obtain the likelihood distributions of the cosmological
parameters, we use the Markov chain Monte Carlo (MCMC)
method that randomly explores the parameter space based on
the probability function P(m|d) ∝ exp(−χ2/2), where m and
d denote model and data, respectively, and χ2 = χ2SN +χ2BAO +
χ2H(z) is the sum of individual contributions from the SN, BAO,
and H(z) data. When comparing the Pantheon SN apparent
magnitude data with model predictions we use the χ2SN de-
fined in Appendix C (Eq. C1) of Conley et al. (2011). The
SN covariance matrix CSN is the sum of the diagonal statisti-
cal uncertainty covariance matrix, Dstat = diag(σ2SN,i), and the
systematic uncertainty covariance matrix, Csys: CSN = Dstat +
Csys. For the BAO data, χ2BAO is the sum of contributions
from each BAO measurement. For example for the BOSS
DR12 BAO data we have χ2DR12 = XTC−1DR12X where X is a
vector whose elements are the differences between model pre-
dictions and data points (the first six entries in Table 1). For
Hubble parameter data, χ2H(z) =
∑31
i=1[H(zi)−Hobs(zi)]
2/σ2H(z),i.
We constrain the flat ΛCDM model with three cosmolog-
ical parameters (Ωbh2, Ωch2, H0) and the nonflat ΛCDM
model with four parameters (Ωbh2, Ωch2, H0, Ωk), where
h = H0/(100 km s−1 Mpc−1). We add one more free param-
eter, the equation of state parameter w for the XCDM param-
eterization, and the scalar field potential parameter α for the
φCDM model.7
We modified the publicly available CAMB/COSMOMC
package (version of November 2016, Challinor & Lasenby
1999; Lewis et al. 2000; Lewis & Bridle 2002) to constrain
the flat and nonflat ΛCDM, XCDM, and φCDM models, at
the spatially homogeneous background level, by using the
SN+H(z), SN+BAO, BAO+H(z), and SN+BAO+H(z) data
combinations. For the SN+H(z) data combination, the model
predictions are not sensitive to baryonic density parameter
variations. In this case Ωbh2 is not constrained but instead
taken to be Ωbh2 = 0.022277, the best-fit value of the flat
ΛCDM model constrained using Planck 2015 TT + lowP +
lensing CMB data (Planck Collaboration 2016). In our anal-
yses here we assume flat priors nonzero over 0.005≤Ωbh2 ≤
0.1, 0.001 ≤ Ωch2 ≤ 0.99, 0.2 ≤ h ≤ 1.0, −0.5 ≤ Ωk ≤ 0.5,
−3≤ w≤ 0.2, and 0≤ α≤ 10.
4. OBSERVATIONAL CONSTRAINTS
Figures 1–3 show the likelihood distributions of model pa-
rameters of flat and nonflat ΛCDM, XCDM, and φCDM mod-
els, respectively. The mean and 68.3% confidence limits (or
95.4% upper limits) are summarized in Table 2.
The SN+BAO data do not tightly constrain Ωbh2, Ωch2, and
especially not H0, in the flat and nonflat ΛCDM, XCDM, and
φCDM models. However, the SN+BAO data provide the most
restrictive constraints on the dynamical dark energy parame-
ters w and α in the XCDM and φCDM models.
The results obtained using BAO+H(z) data are interest-
ing. The Hubble constant measured using the flat and non-
flat XCDM and φCDM models are lower than the recent local
measurement of H0 = 73.48±1.66 km s−1 Mpc−1 (Riess et al.
2018) by between 2.6σ and 3.1σ (of the quadrature sum of
the two error bars), while in the flat (nonflat) ΛCDM model
it is lower by 1.9σ (1.3σ). In the nonflat XCDM parameter-
ization, the BAO+H(z) data strongly favor dark energy dy-
namics with w deviating from −1 towards 0 by 4.0σ. For the
XCDM parameterization and the full SN+BAO+H(z) data set,
the equation of state parameter w in the flat model is mea-
sured to be consistent with that of the cosmological constant
(w = −1) while it deviates from w = −1 by 2.0σ in the non-
flat case, which is still significant though smaller than the
4.0σ of the BAO+H(z) case. In the nonflat φCDM model,
the BAO+H(z) data constraint also favors dark energy dy-
namics with α = 3.1± 1.5 (a 2.1σ deviation from α = 0), but
for the SN+BAO+H(z) data combination α is consistent with
zero and a cosmological constant. We note that in the non-
flat φCDM model the CMB data alone (without lensing data)
cannot tightly constrain α, allowing large α≈ 10 (Park & Ra-
tra 2018c), while even the least effective combination for this
7 Although we use the parameter θMC, the approximate angular size of the
sound horizon at recombination (Planck Collaboration 2014), instead of H0
in our ΛCDM and XCDM model analyses, we instead record the derived H0
as one of the main cosmological parameters for these models. For the φCDM
model, however, H0 (not θMC) is the active parameter in the MCMC analysis.
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Figure 1. Left panel: two- and one-dimensional likelihood distributions of flat ΛCDM model parameters (Ωbh2, Ωch2, H0) constrained using the SN+H(z),
SN+BAO, BAO+H(z), and SN+BAO+H(z) data combinations. Right panel: similar distributions of nonflat ΛCDM model parameters (Ωbh2, Ωch2, H0, Ωk).
Horizontal and vertical lines in the H0-related plots indicate the recent local Hubble constant measurement (solid lines) and 68.3% confidence limits (dashed
lines) of Riess et al. (2018), H0 = 73.48±1.66 kms−1Mpc−1. The dashed lines inΩk-related plots demarcate the spatially-flat model. In both panels, the baryonic
density parameter Ωbh2 is not constrained by the SN+H(z) data.
here, BAO+H(z), is able to bound α < 8, see the bottom sub-
panel row in the right panel of Fig. 3.
For the full SN+BAO+H(z) data combination, closed spa-
tial hypersurfaces are favored at 1.1σ, 2.1σ, and 1.4σ sig-
nificance in the nonflat ΛCDM, XCDM, and φCDM mod-
els. The Planck 2015 CMB anisotropy measurements (Planck
Collaboration 2016) also favor closed spatial hypersurfaces
(Ooba et al. 2018a,b,c), at 1.8σ, 1.1σ, and 1.8σ in the ΛCDM,
XCDM, and φCDM untilted nonflat inflation cases, and when
combined with the SN+BAO+H(z) data, as well as with
growth factor ( fσ8) observations, they favor closed hypersur-
faces at 5.2σ, 3.4σ, and 3.1σ significance, respectively (Park
& Ratra 2018a,b,c). It is interesting, and possibly significant,
that in Table 2 all three pairs of data combinations, SN+H(z),
SN+BAO, and BAO+H(z), also favor closed geometries in the
nonflat models, at between 1.0σ and 2.9σ.8
Using the SN+BAO+H(z) combination, H0 is measured
to be 69.0± 1.7 (69.8± 1.8), 68.9± 1.7 (70.1± 1.9), and
68.5± 1.8 (69.6± 1.9) km s−1 Mpc−1 for the flat (nonflat)
ΛCDM, XCDM, and φCDM models, respectively, These are
all very mutually consistent and are also consistent with the
most recent median statistics estimate of H0 = 68± 2.8 km
s−1 Mpc−1 (Chen & Ratra 2011a), which is very consistent
with earlier estimates based on median statistics (Gott et al.
2001; Chen et al. 2003).9 However, these values are a lit-
8 For earlier discussions of constraints on spatial curvature, see Farooq
et al. (2015), Chen et al. (2016), Yu & Wang (2016), L’Huillier & Shafieloo
(2017), Farooq et al. (2017), Wei & Wu (2017), Rana et al. (2017), Yu et al.
(2018), Mitra et al. (2018, 2019), and Ryan et al. (2018, 2019).
9 The H0 estimates here are consistent with many recent estimates based
on non-CMB data (L’Huillier & Shafieloo 2017; Chen et al. 2017; Wang et al.
2017; Lin & Ishak 2017; DES Collaboration 2017; Yu et al. 2018; Haridasu
et al. 2018a; Zhang et al. 2018; Gómez-Valent & Amendola 2018; Haridasu
et al. 2018b; da Silva & Cavalcanti 2018; Zhang 2018) as well as with those
from CMB data (Planck Collaboration 2018; Park & Ratra 2018a,b,c).
tle lower than the recent local expansion rate measurement
of H0 = 73.48± 1.66 km s−1 Mpc−1 (Riess et al. 2018)10 by
between 1.9σ and 2.0σ for the flat models and between 1.3σ
and 1.5σ for the nonflat models (of the quadrature sum of the
two error bars, in both cases), less discrepant than when the
CMB anisotropy data is included in the mix (Park & Ratra
2018a,b,c).
It is also interesting to see the estimated values of the cur-
rent matter density parameter (for the full non-CMB data),
Ωm = 0.302± 0.014 (0.321± 0.022), 0.297± 0.019 (0.325±
0.023), and 0.287±0.018 (0.305±0.025) for the flat (nonflat)
ΛCDM, XCDM, and φCDM models, respectively. The flat
models and both the φCDM cases are more consistent with the
Dark Energy Survey (DES) constraint, Ωm = 0.264+0.032−0.019 (DES
Collaboration 2018) while the nonflat ΛCDM and XCDM
model results are 1.5σ (of the quadrature sum of the two error
bars) larger than the DES measurement.
Table 3 summarizes the individual and total χ2 for the best-
fit flat and nonflat ΛCDM, XCDM, and φCDM models. The
best-fit set of parameters for each model has been determined
by using Powell’s minimization method (built into the COS-
MOMC program) for finding the location of the maximum
likelihood. The ∆χ2 of the XCDM and φCDM models de-
notes the excess χ2 relative to the ΛCDM one for the same
combination of data sets and spatial curvature sign. The last
two columns list the number of degrees of freedom ν and the
reduced chi-square χ2/ν. The number of degrees of free-
dom is ν = N − n − 1, where N is the number of data points
and n is the number of parameters. For example, for the
nonflat φCDM model constrained using SN+BAO+H(z) data,
10 Other local expansion rate measurements find slightly lower H0 values
and slightly larger error bars (Rigault et al. 2015; Zhang et al. 2017; Dhawan
et al. 2017; Fernández Arenas et al. 2018); also see Roman et al. (2017), Kim
et al. (2018), and Jones et al. (2018).
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Figure 2. Similar to Fig. 1, but for flat XCDM model parameters (Ωbh2, Ωch2, H0, w) in the left panel, and for nonflat XCDM model parameters (Ωbh2, Ωch2,
H0, Ωk , w) in the right panel. The dashed lines in w-related plots indicate w = −1 (the cosmological constant).
N = 1048+12+31 = 1091 and n = 5+5 = 10, considering the
five cosmological parameters (Ωbh2, Ωch2, H0, α, Ωk) and the
five nuisance parameters of the SN sample. Except for the
case of the nonflat XCDM parameterization constrained us-
ing the SN+BAO+H(z) data, the XCDM parametrizations fit
the observations better than do the ΛCDM models. Further-
more, the φCDM models better fit the data than do the XCDM
parametrizations, except for the flat φCDM case constrained
using SN+H(z) data.11 However, the ∆χ2 values are not very
statistically significant.
Comparing the results for SN+H(z) and SN+BAO data in
Figs. 1–3, we see that the BAO data are less restrictive than
the Hubble parameter data in the parameter estimation. Es-
pecially, SN+BAO data do not provide a tight constraint on
H0, allowing extreme values of the Hubble constant H0 >
90 km s−1Mpc−1. This seems to be in contradiction to the re-
cent estimation of Hubble constant using the inverse distance
ladder method (Macaulay et al. 2019; Aubourg et al. 2015),
where the Hubble constant has been tightly constrained by
the SN and BAO data with a reasonable prior on the sound
horizon size at recombination (r∗) based on the CMB data.
In our analysis, however, we do not assume any prior on the
sound horizon size because we aim to see how the cosmo-
logical parameters of the dark energy models are constrained
without relying on the CMB data. Figure 4 shows the rela-
tion between the Hubble constant (H0) and the sound horizon
size at recombination (r∗) in the six models considered here.
As expected, the case of SN+BAO data shows strong corre-
lation between H0 and r∗. For a higher value of Hubble con-
stant, the lower sound horizon size is favored. We note that
such a low value of sound horizon (e.g., r∗ ' 100 Mpc) is
certainly unrealistic in most cosmological models. However,
we emphasize that adding Hubble parameter measurements
to our analysis provide a very tight constraint on the sound
horizon size. For SN+BAO+H(z) data set, r∗ = 143.7± 2.8
11 The main reason for the smaller χ2 value in the nonflat φCDM model is
that it fits the BAO data much better than do the ΛCDM and XCDM models.
Mpc (142.0± 3.0 Mpc) in flat (nonflat) ΛCDM model, r∗ =
143.8± 2.8 Mpc (141.1± 3.1 Mpc) in flat (nonflat) XCDM
model, and r∗ = 144.6± 2.9 Mpc (142.5± 3.2 Mpc) in flat
(nonflat) φCDM model. These values are consistent with
r∗ = 144.43±0.26 Mpc of the flat ΛCDM model constrained
with the Planck 2018 data (TT,TE,EE+lowE+lensing, Planck
Collaboration 2018).
5. SUMMARY
We have used Type Ia supernova apparent magnitude,
baryon acoustic oscillation distance, and Hubble parameter
measurements to constrain parameters of the flat and nonflat
ΛCDM, XCDM, and φCDM models.
Our main results, in summary, are:
• These data favor closed spatial hypersurfaces at 1.1σ to
2.1σ, depending on the nonflat model.
• These data do not rule out dark energy dynamics.
• These data favor a smaller Hubble constant than the re-
cent local expansion rate measurement of H0 = 73.48±
1.66 km s−1 Mpc−1 (Riess et al. 2018) at 1.3σ to 2.0σ,
depending on model.
These results are consistent with those that follow from
similar analyses of CMB anisotropy data in untilted nonflat
inflation models, and consequently joint analyses of CMB
and non-CMB data reinforce the above findings (Park & Ratra
2018a,b,c).
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